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15-sequences differs in a t  most  one sign from one of 
the set of 2048. In  the crystal lographic applicat ion we 
m a y  say  t h a t  one member  of £' mus t  be ' subs tant ia l ly  
correct ' ,  or t h a t  S substantialize8 the  set of all possible 
15-sequences. The use of S saves a work factor of 16 
provided t h a t  we can s tand  one wrong sign. The general  
problem of substant ia l iza t ion remains open. 

Denote  a typica l  15-sequence (an ordered sequence of 
fifteen signs, or of symbols -t-1 and  --1) b y  a 1, a~, as, 
. . . .  a15, where each a~ is + 1 or --1. Consider the set, 
S, of 15-sequences sat isfying the  relat ionships 

ala2aaaaasa6a~a 8 ~ 1 ,  

ala$aaa4aaaloallal2 ----- 1 , 
alaaasaea,aloalaa14 = 1 , (1) 

alaaaaaTaaallalaal5 = 1 .  

Note  first  t h a t  S has  precisely 2048 members;  for 
a~, a~, aa, a o a 5, a e, aT, %, ax0 , a~ ,  a~a can be selected ar- 
b i t ra r i ly  (in 211 ways) and  then  a s, al~, a14 and  a15 can 
be determined unique ly  from (1). Now if a n y  pair  of 
symbols  is selected from al, aa, a 3 . . . .  , a15, then  one of 
the four relat ionships contains one of the pair  and  not  
the  other, so a change of s ign of two symbols in a member  
of S cannot  t ransform this  member  into another  one. 
Therefore the 16 × 2048 15-sequences obta ined b y  tak ing  
the 2048 sequences of S, together  wi th  the ones obtained 
b y  changing one sign in each of them in all possible ways,  
mus t  be all dist inct .  And since there  are only 16 × 2048 
possible 15-sequences they  mus t  each occur exact ly  once. 

The relat ionships (1) were obtained b y  first  wri t ing 
down the numbers  1, 2, 3 . . . . .  15, expressed in the  
b ina ry  scale, into the  columns of a four-by-fifteen rect .  
angle, thus :  

0 0 0 0 0 0 0 1 1 1 1 1 1 1 1  
0 0 0 1 1 1 1 0 0 0 0 1 1 1 1  
0 1 1 0 0 1 1 0 0 1 1 0 0 1 1  
1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 ,  

then  wri t ing the symbols a15, a14, ala . . . . .  a 1 a t  the  tops 
of the columns (any order would have done jus t  as well), 
and  f inal ly defining one relat ionship b y  each row of the 

rectangle using r s  to mean  presence and  O's ix) m e a n  
absence. The process can clearly be applied to n-sequences, 
whenever  n is 1 less t han  a power of 2, and  in par t icu lar  
i t  covers the set presented b y  Woolfson, wi th  n ---- 7, 

The set S could be wr i t ten  down manua l ly  b y  the  rule 
described in the proof t h a t  i t  has  2048 members.  B y  
mak ing  use of an  electronic compute r  the  set S could 
be used wi thou t  ac tua l ly  being wr i t t en  down on paper .  
I t  is possible t h a t  i t  would sometimes be desirable to  
combine the use of S wi th  other  techniques t h a t  are  
appropriate  for electronic computers,  such as the  one 
described b y  Cochran & Douglas (1953). 

The general problem, 7(n, r), of substant ia l iza t ion of 
sign sequences is t h a t  of f inding economical sets of 
n-sequences such t h a t  every possible n-sequence differs 
from one of the set in a t  most  r signs. The me thod  given 
above solves the problems 7(2 m -  1, 1) and  provides per- 
fect ly economical solutions for these problems. B y  
s imply abu t t ing  the sequences of k such solutions we can 
obtain reasonably  economical, bu t  no t  perfect ly  econom- 
ical, solutions of 7(2ml-{-2m~+... -}-2ink--k, k). (This re- 
mark  generalizes one made  in Woolfson's paper.) For  
example we can obtain tolerable solutions of 7(14, 2), 
7(21, 3), 7(22, 2). 

The problem of substant ia l izat ion occurs in an  even 
more general form in the filling up of coupons for ' football  
pools', a type  of gambling t h a t  is popular  in the  U n i t e d  
Kingdom.  There are then  three s ta tes  (wins, draws and  
losses) for the  components  of the  n-sequences instead of 
only two. Fur the r  generalizations m a y  be of value in 
crys ta l lography for crystals  t h a t  are not  cent rosymmetr i -  
cal. For  example,  if i t  is adequate  to approximate  to the  
phases to the  nearest  mult iple  of 60 ° , then  we should be 
faced wi th  the problem having  six s ta tes  instead of two 
or three.  
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I n  connexion wi th  a nuclear magnet ic  resonance in- 
vest i~at ion of N a B H  4 and  K B H  v X- ray  powder photo- 

graphs of the two salts at 293 o K. and 900 K. have 
been obtained,  and  lat t ice constants  derived. 

For  the  X - r a y  photographs  copper radia t ion from a 
Metrovic generator  was used, the  specimen being moun ted  
in a low- tempera ture  camera similar to t h a t  described 
b y  H u m e - R o t h e r y  (Hume-Rothery  & Strawbridge,  1947), 
wi th  a Unicam cassette of 19 cm. diameter.  The low. 
tempera ture  photographs  were obtained b y  runn ing  a 
s t ream of l iquid oxygen over the  sample. 

The N a B H  o supplied by  Light  and  Co., was recrys ta l .  
lized once from water  below 5 ° C. and  once, in a vacuum- 
t igh t  vessel, from iso-propylamine previously dried over 

l i th ium hydr ide  (Davis, Mason & Stegeman,  1949). 
An~ly~iB by ~¢id hydr01ysis gave the theoretical quantity 
of hydrogen. The KBHo obtained from May and Baker, 
b y  a similar analysis  g a v e ' 9 6 . 1 %  of the  hydrogen  re- 
quired b y  the formula. Samples were packed into Linde- 
m a n n  glass tubes and sealed wi th  picien. Bo th  these 
operat ions were performed in a dry-box.  

The following lat t ice constants  were obtained.  They  
are in /?~ngstrSm uni ts  and  previously  publ ished values 
are added in brackets.  

N a B H  4 a t  293 ° K . :  face-centred cubic, a = 6.157 
(Soldate (1947), a = 6-151±0.009; Abrahams  & Kal-  
na js  (1954), a = 6.1635+0.0005). 
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N a B H  4 at  90 ° K. : body-cent red  tetragonal ,  a = 4.353, 
c = 5-909 (Abrahams & Kalnajs  (1954), a = 4.354 
4-0.005, c ---- 5.9074-0-005). 

K B H  4 at  293 ° K. :  face-centred cubic, a = 6.722 
(Abrahams & Kalnajs  (1954), a----6-7272±0.0005). 

K R H  4 at  90 ° K. : face-centred cubic, a = 6.636+0.002. 

The results for N a B H  4 and  KBH4 at  room temperature ,  
and  for NaBHa a t  low temperature ,  are in good agree- 
men t  wi th  previous measurements  (Soldate, 1947; Abra- 
hams & Kalnajs ,  1954). Un l ike  its sodium analogue, 
KBHa at  90 ° K. shows no change in crystal s t ructure  
beyond  a lat t ice contract ion.  Stockmayer  & Stephenson 
(1953) suggested tha t  N a B H  a m a y  change from the  cubic 
form at  tempera tures  below the  specific-heat anomaly  
(Johns ton  & Hailer,  1953) in order to reduce the  repulsive 
energy between the  hydrogen  atoms. KBHa, however,  
has a more open structure,  owing to the  larger size of the  
potass ium ion, and  remains cubic down to 90 ° K. 

The authors  t hank  the  D e p a r t m e n t  of Scientific and  
Indust r ia l  Research for a main tenance  grant  to one of 
t h e m  (P.T.F.). 
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In  the  course of some X-ray  investigations on p-chloro- 
benzoic acid, values of the  unit-cell  dimensions were 
found differing appreciably from those given by  Toussaint  
(1951). 

Seven reflexions chosen for their  high Bragg angles 
f rom the  three  principal zones were recorded on a mul- 
t iple-exposure camera of 14 cm. d iameter  (Ubbelohde, 
1939). Fi lm measurements  were made  to 0.002 cm. wi th  
a t ravel l ing microscope, and  bo th  ~1 and ~ reflexions 
were measured  on each fi lm by two independent  observers. 
Calibration was by  a p la t inum substandard  against  silver 
(a = 4.0775 /~) and  the  radia t ion employed was Cu K a  
(;tax = 1.5405 A, 2 ~  = 1.5443 /~). The planes used, to- 
gether  wi th  their  Bragg angles, are given in Table 1. 

Table 1. Planes used 

hid O~ x 0 ~  
13,5,0 75 ° 20"0' 75 ° 54.8' 
17 ,3 ,0  78 ° 57"3' 79 ° 35.3' 
870 83 ° 24.1' 84 ° 45"3' 
970 77 ° 15.36' 77 ° 56"73' 

12,0,3 68 ° 32' 68 ° 56.9' 
15,0,3 75 ° 51.1' 76 ° 30.1" 

0 6 3  71 ° 1.6'  71 ° 29"3' 

The m e t h o d  of least squares was used to f ind a*, b* 
and  7* from the (hkO) zone, and  the  remaining reciprocal- 
latt ice parameters  were then  de termined by solving the  
general equat ion for t he  triclinic system:  

1 June 1954) 

(2 sin 0) 2 = h~a*2+b~b*~+l~e*2+2klb*c * cos a* 

+ 2/he*a* cos fl* + 2hka*b* cos F*'- 

These parameters  are given in Table 2, together  wi th  the  
unit-cell  dimensions der ived from them,  the  figures being 

Table 2. Lattice parameters of p-chlorobenzoie acid at 18 ° C. 

Reciprocal 
parameters Present Deviation 

for ~t~ 1 work from mean Toussaint 

a*  0.10916 A -1 a 14.190 /~ ±0.004 A 14.39 A 
b* 0.24835 A -1 b 6.213 /~ ±0.001 A 6.29 /~ 
c* 0.40158 A -1 c 3.852 A +0-002 /~ 3.86 /~ 

a *  88 ° 28'  ~ 91 ° 15' ± 2 '  91 ° 38'  
fl* 84 ° 36'  fl 95 ° 19' ± 1 '  95 ° 18' 
7"  86°  56" ? 92 ° 56'  4 -1 '  92 ° 4 ¥  

the  mean  of the  cq and  ~2 calculations. The th i rd  column 
shows the  deviat ion from their  mean  of the  values cal- 
culated from the al  and  a9 observations. The es t imated  
systematic  errors are less t han  these. Toussaint 's  values 
are given for comparison. 
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